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P (x) = a0 + a1x + · · · + adx
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q(x, y) = P (x, y) for every x, y ∈ Q.
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f ∈ Gd(Zpw)� f : Z
d
pw → Zpw � � ���������� ��������

f(� ) ≡ p1(� ) (mod n), ∀� = (x1, . . . xd) ∈ Z
d
pw ,

f(� ) ≡ p2(� ) (mod n), ∀� = (x1, . . . xd) ∈ Z
d
pw ,

f(� ) ≡ p3(� ) (mod n), ∀� = (x1, . . . xd) ∈ Z
d
pw ,
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*
� � � =
∏d

i=1 xki
i � � � =

∏d
i=1 ki!� ���

νp(� �) = max {x ∈ N0 : px | � �}
+�
� 
�
�� ���������� �������� f ∈ Gd(Zpw) ��
 � �����

�
��


������� �� ��
 ����

f(� ) ≡
∑

� ∈ Nd
0

νp(��)< w

α��
� ,

��
�
 α� ∈ {
0, 1, . . . , pw−νp(��) − 1

}
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|Gd(Zpw)| = expp(
∑

� ∈ Nd
0

νp(� !)< w

(w − νp(� !)))
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%&�����' |PP (Z8)| = 27

x 3x 5x 7x
x + 2x2 3x + 2x2 5x + 2x2 7x + 2x2

x + 2x3 3x + 2x3 5x + 2x3 7x + 2x3

x + 2x2 + 2x3 3x + 2x2 + 2x3 5x + 2x2 + 2x3 7x + 2x2 + 2x3

1 + x 1 + 3x 1 + 5x 1 + 7x
1 + x + 2x2 1 + 3x + 2x2 1 + 5x + 2x2 1 + 7x + 2x2

1 + x + 2x3 1 + 3x + 2x3 1 + 5x + 2x3 1 + 7x + 2x3

1 + x + 2x2 + 2x3 1 + 3x + 2x2 + 2x3 1 + 5x + 2x2 + 2x3 1 + 7x + 2x2 + 2x3

2 + x 2 + 3x 2 + 5x 2 + 7x
2 + x + 2x2 2 + 3x + 2x2 2 + 5x + 2x2 2 + 7x + 2x2

2 + x + 2x3 2 + 3x + 2x3 2 + 5x + 2x3 2 + 7x + 2x3

2 + x + 2x2 + 2x3 2 + 3x + 2x2 + 2x3 2 + 5x + 2x2 + 2x3 2 + 7x + 2x2 + 2x3

· · ·
7 + x 7 + 3x 7 + 5x 7 + 7x
7 + x + 2x2 7 + 3x + 2x2 7 + 5x + 2x2 7 + 7x + 2x2

7 + x + 2x3 7 + 3x + 2x3 7 + 5x + 2x3 7 + 7x + 2x3

7 + x + 2x2 + 2x3 7 + 3x + 2x2 + 2x3 7 + 5x + 2x2 + 2x3 7 + 7x + 2x2 + 2x3
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PQ(Zpw) � ��
 

� �� ��� ���������� ���
������
 �� ���
� 2w

|PQ(Z2w)| =
|G2(Z2w)|

211
=

( ∏

〈k1,k2〉∈N2
0

ν2(k1! k2!)< w

2w−ν2(k1! k2!)
)
· 2−11

Z2w Z2 Z22 Z23 Z24 Z25 Z26 Z27 Z28

|PQ(Z2w )| 2 25 221 245 284 2132 2185 2252

Z2w Z29 Z210 Z211 Z212 Z213 Z214 Z215 � � �

|PQ(Z2w )| 2341 2437 2549 2692 2852 21020 21209 � � �
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%&����� |PQ(Z22)| = 25.

q(x, y) = α00 + α01 y + α02 y2 + α03 y3 +
+ α10 x + α11 xy + α12 xy2 + α13 xy3 +
+ α20 x2 + α21 x2y +
+ α30 x3 + α31 x3y

αk1,k2 ∈ {
0, 1, . . . , 22−ν2(k1! k2!) − 1

}
�

�	�
� �	��
�
�
�
�� �	�
� �	��
�
�
�
��

α00 22−ν2(0! 0!) α01 22−ν2(0! 1!)−1

α10 22−ν2(1! 0!)−1 α02 22−ν2(0! 2!)−1

α20 22−ν2(2! 0!)−1 α03 22−ν2(0! 3!)−1

α30 22−ν2(3! 0!)−1 α11 22−ν2(1! 1!)−1

α12 22−ν2(1! 2!)−1 α21 22−ν2(2! 1!)−1

α13 22−ν2(1! 3!)−1 α31 22−ν2(3! 1!)−1
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(12)q(x1, x2) = q(x2, x1),
(123)q(x1, x2) = (12)((13)q)(x1, x2),
(132)q(x1, x2) = (12)((23)q)(x1, x2),
(13)q(x1, x2) = (23)((12)((23)q))(x1, x2).
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q1, q2 ∈ Qn � 
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(q1 ◦ q2)(x, y) = q1(x, q2(x, y))
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q−1 �
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� ��$ q−1(x, y) = z ⇔ q(x, z) = y.
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q−1 = \ = qr−1
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P (x, y + l2m) ≡ P (x, y) (mod 2m),
P (x + l2m, y) ≡ P (x, y) (mod 2m).
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(a2 + a4 + a6 + . . . ) + (a3 + a5 + a7 + . . . ) + 2a1,1 ≡ 0 (mod 4)�
(a2 + a4 + a6 + . . . ) + 2a2,0 + 2a1,1 ≡ 0 (mod 4)
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" ���������� P (x) = a0 + a1x + · · · + adx
d ���� ���
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 �
 � �
��������� ���������� ������ pw� p�����
�
w ≥ 2 �� ��� ���� ��$

� P (x) �
 � �
��������� ���������� ������ p� ��
� ∀i, j ∈ Zp

��� i 
= j� P (j) − P (i) 
= 0 (mod p)
� ∀i ∈ Zp � P

′(i) = a1 + 2ia2 + · · · + did−1ad 
= 0 (mod p)
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qa1,...,ai−1,ai+1,...,an(x) = q(a1, . . . , ai−1, x, ai+1, . . . , an)
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P (x, y + l2m) ≡ P (x, y) (mod 2m),
P (x + l2m, y) ≡ P (x, y) (mod 2m).
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p = (p(1), p(2), . . . , p(w)) : F
w
2 → F

w
2


��� ���� ∀s = 1, . . . , w�

p(s)(x1, . . . , xw) = xs +
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∑

j=(js+1,...,jw)∈F
w−s
2

α
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j x
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s+1 x
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w
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